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Known results, Fourier coefficients

o Let f: T — C, where T :=[0,27), f(2m):= f(0). We recall that if
f € L}(T) then the Fourier coefficients of f are defined by

~ 1 .
F(k) = 27T/Tf(x)e_’kxdx, kel .
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Known results, Fourier coefficients

o Let f: T — C, where T :=[0,27), f(2m):= f(0). We recall that if
f € L}(T) then the Fourier coefficients of f are defined by

~ 1 .
F(k) = 27T/Tf(x)e_’kxdx, kel .

o THEOREM. f e BV([0,27]) = #(n)= o< ! > :

Inl
@ We recall that a function f : [a, b] — C is said to be of bounded
variation over [a, b], in symbol: f € BV([a, b]), if

sup Y [F(xk) — Fxk-1)| < o0
k=1

where the supremum is extended over all finite sequences
a=x<x31<x<..<x,=b, n=12 ...
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Known results, Fourier coefficients

e THEOREM. (R. N. Siddiqi, 1972.)

feBVP(0,21]) = f(n)=0 (W)) (p>1).
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Known results, Fourier coefficients

e THEOREM. (R. N. Siddiqi, 1972.)

f e BVP([0,27]) = f(n):o(’mlm,) (p>1).

o DEFINITION. (N. Wiener, 1924.) f € BV(P)([a, b]), p > 1, that is f
is of p-bounded variation over [a, b], if

1/p
Vi(f, [a, b]) = 551F}> (Z | (bk) — f(ak)\”) <00,
k k

in which {/x = [ax, bk]} is a sequence of non-overlapping subintervals
of [a, b], V,(f,[a, b]) called the p-variation of f on [a, b].
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Known results, Fourier coefficients

e THEOREM. (R. N. Siddiqi, 1972.)

f e BVP([0,27]) = f(n):o(’mlm,) (p>1).

o DEFINITION. (N. Wiener, 1924.) f € BV(P)([a, b]), p > 1, that is f
is of p-bounded variation over [a, b], if

1/p
V,(f,[a, b]) = sup (Z £ (by) — f(ak)v’) <00,
k

Ik}

in which {/x = [ax, bk]} is a sequence of non-overlapping subintervals
of [a, b], V,(f,[a, b]) called the p-variation of f on [a, b].

p=1: BVP =BV
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Known results, Fourier coefficients

e DEFINITION. (L. C. Young, 1937.) f € ¢BV/(]a, b]), that is f is of
¢-bounded variation over [a, b, if

Vi (f, [a, b]) = sup {Z o(|f(b) — f(ak)|)} < oo,
{h} Uk

in which {/x = [ak, bk]} is a sequence of non-overlapping subintervals
of [a, b] and ¢ : [0,00) — R, is a strictly increasing function.
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Known results, Fourier coefficients

e DEFINITION. (L. C. Young, 1937.) f € ¢BV/(]a, b]), that is f is of
¢-bounded variation over [a, b, if

Vi (f, [a, b]) = sup {Z o(|f(b) — f(ak)|)} < oo,
{h} Uk

in which {/x = [ak, bk]} is a sequence of non-overlapping subintervals
of [a, b] and ¢ : [0,00) — R, is a strictly increasing function.

o(uy=u : ¢BV =BV
p(u)=uP - $BV = BV(P)

e THEOREM. (M. Shramm, D. Waterman, 1982.)

feoBV(0,27]) = F(n)=0 (¢1 <’,17’)> .
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e DEFINITION. (D. Waterman, 1972.) f € ABV/(]a, b]), that is f is of
A-bounded variation over [a, b], if

VA(f,[a, b]) = sup{z ’f(bk));f(ak)’} < o0,
k

I}
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e DEFINITION. (D. Waterman, 1972.) f € ABV/(]a, b]), that is f is of
A-bounded variation over [a, b], if

VA(f,[a, b]) = sup{z ’f(bk));f(ak)’} < o0,
k

I}

o DEFINITION. (M. Shiba, 1980.) f € ABV(®)([a, b]), p > 1, that is
is of p-A-bounded variation over [a, b], if

I (by) —fak)| P
V(£ [a, b]) = sup (Z ) < 00,

(I} p

where {lx = [ak, bk]} is just like above, {\«} is a sequence of
nondecreasing positive real numbers such that > ;7 , )\ik diverges.

V. Filop (SZTE) Fourier Transform, Walsh-Fourier Transform August 29, 2017



e DEFINITION. (D. Waterman, 1972.) f € ABV/(]a, b]), that is f is of
A-bounded variation over [a, b], if

VA(f, [a, b]) = sup {Z ’f(bk))\_kf(ak)’} < o0,
k

I}

o DEFINITION. (M. Shiba, 1980.) f € ABV(®)([a, b]), p > 1, that is
is of p-A-bounded variation over [a, b], if

I (by) —fak)| P
V(£ [a, b]) = sup (Z ) < 00,

{Ic}

where {lx = [ak, bk]} is just like above, {\«} is a sequence of
nondecreasing positive real numbers such that )~ ; )\ik diverges.

ep=1: ABVP =ABV, M=1: ABV(® =By
M=landp=1: ABV(P =BV
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e DEFINITION. (D. Waterman, 1972.) f € ABV/(]a, b]), that is f is of
A-bounded variation over [a, b], if

VA(f, [a, b]) = sup {Z ’f(bk))\_kf(ak)’} < o0,
k

I}

o DEFINITION. (M. Shiba, 1980.) f € ABV(®)([a, b]), p > 1, that is
is of p-A-bounded variation over [a, b], if

I (by) —fak)| P
V(£ [a, b]) = sup (Z ) < 00,

{Ic}

where {lx = [ak, bk]} is just like above, {\«} is a sequence of
nondecreasing positive real numbers such that )~ ; )\ik diverges.
ep=1: ABVP =ABV, M=1: ABV(® =By
M=landp=1: ABV(P =BV
e \y=kandp=1: ABV(P = HBV
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Known results, Fourier coefficients

e THEOREM. (M. Shramm, D. Waterman, 1982.)

||

feABV(0,21]) = Ff(n)=0|1 Z%

f e ABVP)([0,27]) = F(n)=0 1/ Z%
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Known results, Fourier coefficients

e THEOREM. (M. Shramm, D. Waterman, 1982.)

||

feABV(0,21]) = Ff(n)=0|1 Z%

f e ABVWP([0,27]) = F(n)=0 1/ Z%

o REMARK. The first estimate is the best possible:

|n|

. 1
BV D ABV properly : 3f e TBV : f(n) # O 1/2 =
j=1
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Known results, Fourier coefficients

e DEFINITION. (M. Shramm, D. Waterman, 1982.) f € ¢pABV/([a, b]),
that is f is of ¢-A-bounded variation over [a, b], if

_ o(If (bx) — f(ak)l)
Vin(f, [a, b]) = sup {zk: x } < o0
in which {/x = [ak, bk]}, ¢ and {\x} are as before.
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Known results, Fourier coefficients

e DEFINITION. (M. Shramm, D. Waterman, 1982.) f € ¢pABV/([a, b]),
that is f is of ¢-A-bounded variation over [a, b], if

_ o(If (bx) — f(ak)l)
Vin(f, [a, b]) = sup {zk: x } < o0
in which {/x = [ak, bk]}, ¢ and {\x} are as before.

(u)=uP . HABV = ABV(P)

e THEOREM. (M. Shramm, D. Waterman, 1982.)

X Il
feohBV([0,27]) = Ff(n)=0]¢7! 1/ZX :

V. Filop (SZTE) Fourier Transform, Walsh-Fourier Transform August 29, 2017 8 /19



Known results, Walsh-Fourier coefficients

e We consider the Walsh orthonormal system {wp(x): m=0,1,2,...},
defined on the unit interval I := [0, 1).
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Known results, Walsh-Fourier coefficients

e We consider the Walsh orthonormal system {wp(x): m=0,1,2,...},
defined on the unit interval I := [0, 1).

o Let f be a 1-periodic function in L1([0,1]), then the Walsh-Fourier
coefficients of f defined by:
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Known results, Walsh-Fourier coefficients

e We consider the Walsh orthonormal system {wp(x): m=0,1,2,...},
defined on the unit interval I := [0, 1).

o Let f be a 1-periodic function in L1([0,1]), then the Walsh-Fourier
coefficients of f defined by:

e THEOREM. (N. J. Fine, 1949.) Let f € L1([0, 1]).

feBV(0,1) = f(n)=0 <1> .

n
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I
o THEOREM. (B. L. Ghodadra and J. R. Patadia, 2008.)

feBV®)([0,1]) = f(n)=0(1/n"P).
fe¢BV([0,1]) = f(n)=0(s""(1/n)) .

n 1/p
feABVP([0,1]) = f(n)=0 1/(2;})

f € gABV([0,1]) = f(n)=0 (qsl (1/25)
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I
o THEOREM. (B. L. Ghodadra and J. R. Patadia, 2008.)

feBV®)([0,1]) = f(n)=0(1/n"P).
feeBV([0,1]) = F(n)=0(¢"(1/n) .

n 1/p
feABVP([0,1]) = f(n)=0 1/(2;})

f € gABV([0,1]) = f(n)=0 (qsl (1/25)

j=1

o REMARK. The 3rd estimate above with p =1 is the best possible:

BV D ABV properly : 3f e TBV : f(n ( Z - ) .
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e THEOREM. (Méricz, Fiilép, 2004.) Let f € L1(T?).
V(f, [0, 27]?)

feBW(0,21) = [f(k )< 22K

(k,1#0) .
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L
e THEOREM. (Méricz, Fiilép, 2004.) Let f € L1(T?).
V(f, [0, 27]?)

feBW(0,21) = [f(k )< 22K

(k,1#0) .

~ 1 .
f(k.1) =75 /p f(x,y)e M dxdy, kI eZ.
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e THEOREM. (Méricz, Fiilép, 2004.) Let f € L1(T?).
V(f, [0, 27]?)

ompn . k1700

fe BW([0,27]?) = |f(k, 1)<
N 1 .
fk,0)i=— [ f ~illctly) k€7 .
(k,1) = /11‘2 (x,y)e dxdy, RS

e Let R :=[a, b] x[c,d]. A function f : R — C is said to be of bounded
variation over R in the sense of Vitali, in symbol: f € BVy/(R), if

m n
sup Y > (ko 1) = F (1, 11) = F (ks Y1) + F (1, 1) < 00,
k=1 I=1
where the supremum is extended over all finite sequences
a=x<x1<..<xp=b and c=yp<nyn<..<y,=
d m,n=1,2,.... The supremum denoted by V(f) = V(f,R), is
called the total variation of f over the rectangle R.
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e THEOREM. (Méricz, Fiilép, 2004.) Let f € L1(T?).
V(f, [0, 27]?)

ompn . k1700

fe BW([0,27]?) = |f(k, 1)<
N 1 .
fk,0)i=— [ f ~illctly) k€7 .
(k,1) = /11‘2 (x,y)e dxdy, RS

e Let R :=[a, b] x[c,d]. A function f : R — C is said to be of bounded
variation over R in the sense of Vitali, in symbol: f € BVy/(R), if

m n
sup Y > (ko 1) = F (1, 11) = F (ks Y1) + F (1, 1) < 00,
k=1 I=1
where the supremum is extended over all finite sequences
a=x<x1<..<xp=b and c=yp<nyn<..<y,=
d m,n=1,2,.... The supremum denoted by V(f) = V(f,R), is
called the total variation of f over the rectangle R.
o REMARK. The estimate is exact.
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Joint work with B. L. Ghodadra

@ Joint work with B. L. Ghodadra

Bhikha Lila Ghodadra,

Associate Professor

Department of Mathematics, Faculty of Science,
The Maharaja Sayajirao University of Baroda,
Vadodara — 390 002 (Gujarat), India
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o If f € LY(R) then the Fourier transform of f is defined by

1

f(t) = 5 /R f(x)e " ™dx, teR.
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o If f € LY(R) then the Fourier transform of f is defined by

1

f(t) = 5 /R f(x)e " ™dx, teR.

o THEOREM. (Ghodadra, Fiilép, 2015.) Let f € L1(R).

feBVR) = F(r):o<1>, (t£0).

t]
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o If f € LY(R) then the Fourier transform of f is defined by
1

f(t) = 5 /R f(x)e ™dx, teR.

o THEOREM. (Ghodadra, Fiilép, 2015.) Let f € L1(R).

feBVR) = f(t):O<|1‘>, (t£0).

@ We recall that a function f : R — C is said to be of bounded
variation over R, in symbol: f € BV(R), if

supz [f(xk) — F(xk—1)| < o0,
k=1

where the supremum is extended over all finite sequences
—0< X< X< < ... <X <00, n=12 ...
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NS
e THEOREM. (Ghodadra, Fiilop, 2015.) Let f € L'(IR?).

feBW(R?) = f(t,s)=0 (,:_g,) (ts #0) .
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e THEOREM. (Ghodadra, Fiilop, 2015.) Let f € L'(IR?).

feBW(R?) = f(t,s)=0 (,:_g,) (ts #0) .

~ 1 .
f(t,s) = o /}R2 f(x,y)e "+ Mdxdy, t seR.
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NS
e THEOREM. (Ghodadra, Fiilop, 2015.) Let f € L'(IR?).

feBW(R?) = f(t,s)=0 <“1S’> (ts #0) .

~ 1 .
f(t,s) = o /}R2 f(x,y)e "+ Mdxdy, t seR.

@ A function f : R2 — C is said to be of bounded variation over the real
plane R? in the sense of Vitali, in symbol: f € BV, (R?), if

sup > > 1F (e y1) — F(x—1, 1) — F (s yi—1) + £ (Xie—1, yi—1)| < 00,
k=1 /=1

where the supremum is extended over all finite sequences

—00< X <X < ... <Xy <00 and —oco<YyY<y<..<y,<
oo mn=12 ...
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Fourier transforms

o PROBLEM. Estimate f(t,0), t # 0 in terms of |t| (respectively,

A

(0,s), s # 0 in terms of |s|).
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Fourier transforms

o PROBLEM. Estimate f(t,0), t # 0 in terms of |t| (respectively,

A

(0,s), s # 0 in terms of |s|).
e PROBLEM. In

fe BW(R?) = |f(t,s)|§\“(£_$2) = f(t,s):o<1> :

investigate the accuracy of the constant.
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Walsh-Fourier transforms

@ We consider the Walsh orthonormal system {wp,(x) : m=0,1,2,...}
defined on the unit interval I := [0, 1).
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Walsh-Fourier transforms

@ We consider the Walsh orthonormal system {wp,(x) : m=0,1,2,...}
defined on the unit interval I := [0, 1).

e Next, we consider the generalized Walsh functions ¢, y € Rt and
recall following properties:
(i) Yi(x) = wi(x) for k=0,1,..., x €[,
(i) ¥y (x+t) =, (x),(t) for x,t € RT and x+t dyadic irrational;
(i) 1y (x) = thu(y), by (x) = () (y) for x,y € RY;
(iv) the functions {¢; : j =0,1,...} form a complete orthonormal system in

each of the intervals of the form [k, k+ 1), k=0,1,..;

(v) 1 is a periodic extension of w; from I to R*.

V. Fiilsp (SZTE)

Fourier Transform, Walsh-Fourier Transform August 29, 2017
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Walsh-Fourier transforms

e The Walsh-Fourier transform of an f € L}(R") is defined by

'2()/) = /000 fF(x)Yy(x)dx, ye€RT.
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Walsh-Fourier transforms

e The Walsh-Fourier transform of an f € L}(R") is defined by
fly) = /0 f(x), (x)dx, yeRT.
@ The Riemann-Lebesgue lemma holds for Walsh-Fourier transform,

that is,
f(y) =0 as y —o0.
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Walsh-Fourier transforms

e The Walsh-Fourier transform of an f € L}(R") is defined by
fly) = /0 f(x), (x)dx, yeRT.
@ The Riemann-Lebesgue lemma holds for Walsh-Fourier transform,

that is,
f(y) =0 as y —o0.

e THEOREM. Let f € L}(R").

feBV(RY) = f(y)=0(1)y), y—oco.
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L
o THEOREM. Let f € L1((RT)?).

FeBW(RYY), 40 = f(f,n)—0<;n>, €= o0
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L
o THEOREM. Let f € L1((RT)?).

FeBW(RYY), 40 = f(f,n)—0<;n>, €= o0

P = /0 N /0 " Fly W )n(y)dxdy,  (€.1) € RV
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L
o THEOREM. Let f € L1((RT)?).

FeBW(RYY), 40 = f(f,n)—0<;n>, €= o0

P = /0 N /0 " Fly W )n(y)dxdy,  (€.1) € RV

o PROBLEM. Estimate f(£,0), £ # 0 in terms of & (respectively,
£(0,7), 7 # 0 in terms of n).
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L
o THEOREM. Let f € L1((RT)?).

FeBW(RYY), 40 = f(f,n)—0<;n>, €= o0

P = /0 N /0 " Fly W )n(y)dxdy,  (€.1) € RV

o PROBLEM. Estimate f(£,0), £ # 0 in terms of & (respectively,
£(0,7), 7 # 0 in terms of n).
o PROBLEM. In

n 2 RV(F,RY) . (1
Fe BA(RT) = Ifem) < = :>f(§,n)_o<£n>

investigate the accuracy of the constant.
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L
o THEOREM. Let f € L1((RT)?).

FeBW(RYY), 40 = f(f,n)—0<;n>, €= o0

P = /0 N /0 " Fly W )n(y)dxdy,  (€.1) € RV

o PROBLEM. Estimate f(£,0), £ # 0 in terms of & (respectively,
£(0,7), 7 # 0 in terms of n).

o PROBLEM. In

2V(f,(RY)?)

&n

investigate the accuracy of the constant.

o PROBLEM. Study functions from the classes BVv(p) oBV, ABV(P)
PA\BV .

F e BV((RYY) = [F(E.m)| < ~ Hem) =0 <;n)
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Thank you for your attention.



