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Extremal problems for Fourier transform on R¢
o Let F(f)(y) = [ga F(x)e~"*¥) dx be the Fourier transform.
e Turan problem For central symmetric convex body V C R
it is necessary to calculate the quantity

T(V,RY) = sup/ f(x) dx,
Rd

if feC(RY), f(0)=1, suppfcV, F(f)(y)=0.
e Euclidean ball: C.L. Siegel (1935, d > 1, [1]),
R.P. Boas and M. Kac (1945, d =1, [2]),
D.V. Gorbachev (2001, d > 1, [3]),
M.N. Kolountzakis and Sz.Gy. Révész (2003, d > 1, [6])
e Another bodies:
V.V. Arestov and E.E. Berdysheva (2001, 2002, tiles polytopes,
[4, 5]), M.N. Kolountzakis and Sz.Gy. Révész (2003, spectral
domains, [6, 7, 8])
e In all known cases:

T(V,RY) = Pv‘ = / dx, fy = X1y * X1y
2 %V
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e Fejér problem. For central symmetric convex body V c R it
is necessary to calculate the quantity

F(V,R) = supg(0),

g € YR N G(RY), g(y) >0,

1 _
W/Rdg()/)dyzla supp F 1(g)CV-

e Remark. By Paley-Wiener theorem the set of admissible
functions coincides with the set of nonnegative entire functions of
exponential type, defined by the dual body.

T(V,RY) = F(V,RY).

e L. Fejér (1915, [9]), R.P. Boas and M. Kac (1945, d =1, [2])

3/36



e Delsarte problem. Calculate the quantity

D(Bs,RY) :sup/ f(x) dx,
Rd

if feLl'R)NG(RY), £(0)=1, f(x) <0, |x| =s, F(f)(y)=0.

e M. Viazovska (2016, d=8, [10]),
H. Cohn, A. Kumar, S.D. Miller, D. Radchenko, M. Viazovska
(2016, d=24, [11])

e Modified Delsarte problem. Calculate the quantity
D(E],Bs,R?) = sup/Rd g(y)dy,

if gel'R)NGC(RY), g(0)=1, g(y)<0, |y|>s,
supp FY(g) € B,, F g)(y) = 0.

2
W2 Japa(qape) = 0.

o V.1 Levenshtein (1979, [12]), V.A. Yudin (1989, [13]),
D.V. Gorbachev (2000, [14]), H. Cohn (2002, [15])

e Unique case: r =
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e Bohman problem. Calculate the quantity
BB R = inf | Iye(y)dy.
if
g < LEINGEY). 20)>0. [ a()dy =1 suopF(g) € B

e H. Bohman (1960, d =1, [16]), V.A. Yudin (1976, d > 1,
[17]), W. Ehm, T. Gneiting, D. Richards (2004, d > 1, [18])
e Let g be real continuous function, and let

Ng) = sup{ly| - g(y) > 0}.
e Logan problem. Calculate the quantity

L(B,,R?) = inf A(g),
if
g € LYRY)NC(RY), g#0, suppF *g)C B, Flg)y)=>0,.

o B.F.Logan (1983, d =1, [19, 20]), N.I. Chernykh (1967,
d=1,[21]), V.A.Yudin (1981, d > 1, [22]), D.V. Gorbachev
(2000, d > 1, [23]), E.E. Berdysheva (1999, cube, [24])
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Extremal problems for Hankel transform on R
e Extremal functions in these extremal problems for the ball are
radial. By averaging functions over the Euclidean sphere the
problems are reduced to analogous problems for the Hankel

transform.

e Let o> —1/2, and suppose that J,(t) is the Bessel function of

the order o,

: a Ja t : i(x

) = 2T ) 2 (G0 = [, e du(©). =)
§d-1

is the normalized Bessel function, g, is minimal positive zero of J,,
dva(t) = (2°T(a + 1)) te2tt dt

is the power measure on the half-line R, and

Ho()) = /OOO F(E)n(AE)dva(t)

is the Hankel transform. Note that 7! = H,. The restriction of
the Fourier transform on radial functions leads to the Hankel
transform with o = % — 1. 6/36



e Let x,(t) be characteristic function of the segment [0, r].
e Turan problem. Calculate the quantity

To(r,Ry) = sup/oOO f(t) dva(t),

if feCp(Ry), f(0)=1, suppfC[0,r], Ha(F)(N) = 0.

e Fejér problem. Calculate the quantity
Fa(rvR+) = SUpg(O),
if gel'(Ry,duy)NGC(Ry), g(y) >0,
| e =1 swpa(e) < [0.1]

e Remark. By Paley-Wiener theorem for the Hankel transform
the set of admissible functions coincides with the set of even
nonnegative entire functions of exponential type at most r.

e Theorem 1. T,(r,R}) = Fu(r,Ry) = [ du,(t) and

fr(t) = (Xrp2 % X 2) (1), 8(A) = Halfr)(N) = jaia(Ar/2).
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e Delsarte problem. Calculate the quantity
Da(s, ) = sup/oo £(£) dva(t),
if O
felY(Ry, dvg)NCp(Ry), £(0) =1, f(t) <0, t=s, Hao(f)(\) >0.

e This problem is solved only for « = —1/2, 3, 11.
¢ Modified Delsarte problem. Calculate the quantity

Da(r, 5, Ry) = sup /0 gV dua(),

g€ l}Ry,dvy)NCy(Ry), g(0)=1, g(\)<0, \>s,
supp Ha(g) C [0,r], Hal(g)(A) = 0.
e Theorem 2. D,(r, 2% R ) = ( 72 dua()))  and
j024+1()‘r/2) '
1- ()\r/QCIa+1)2 8/36
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e Bohman problem. Calculate the quantity

Ba(rﬂR-f-) = inf /Ooo /\2g()‘) dVa(/\)a

g€ YRy, dvy) N Cp(Ry), g(N) =0,

/000 g(A\) dva(N) =1, suppHa(g) C [0, r].

r

2
e Theorem 3. B,(r,R;) = <2&> and

Ja(Ar/2)

(- (e )

g () =
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e Let g be real continuous function, and let
N(g) = sup{A: g(}) > 0}.
e Logan problem. Calculate the quantity

Lo(r.R+) = infA(g),

gc MRy, dvy) N Cy(Ry), g(N)#0,
supp Ha(g) C [0,r], Halg)(N) = 0.

e Theorem 4. L,(r,R;) = 2% and

2
Ja(Ar/2)
(V) = 222
1-— (/\r/2qa>
e Theorems 1-4 were proved by D.V. Gorbachev

([14, 3, 23, 25, 26]). He proved the uniqueness of extremal
functions.
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e A unified method for solving of these problems is to use the
Gauss and Markov quadrature formulae on the half-line with nodes
at zeros of the Bessel function (C. Frappier and P. Oliver (1993,
[27]), G.R. Grozev and Q.I. Rahman (1995, [28]), R.B. Ghanem
and C. Frappier (1998, [29])).

e Let E] be the set of even entire functions of exponential type
at most r, whose restrictions on R belong to L}(R, dv,), and
let 0 < a1 < ... < ga,n < ... be positive zeros of J,(t).

e Theorem 5. For any function g € E| the Gauss quadrature
formula with positive weights holds

/OOO ) dva () Zm £(2q0 /7). (1)

The series in (1) converges absolutely.
e Theorem 6. For any function g € E{ the Markov quadrature
formula with positive weights holds

/Ooog(x)dua(x) o olr +Zm €(20nirs/r). (2)

The ceries in (?2) converces absoliitelv
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e Let us give an example of the application of the Gauss
quadrature formula in the solution of the Bohman problem. Since
an admissible function g € EJ, \g € E{, g(\) >0, and

fo A) dvg (M) = 1, then applying the Gauss quadrature formula
two tlmes we obtain

/Ooo A2g()\ dVa Z’Yak r) 2% k/ ) (2qa,k/7_)
2qa 1/ Z’Yak 2qa k/r)

— (2an/r)? /0 T g0V dva(N) = (2gar/r)?.

e The extremal function g.(\) has at the points 2qq «/r, k > 2
doubling zeros, therefore the following function is extremizer

Ja(Ar/2)

(i~ ()

gT()\) =
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e Recently (2015, [30]) we proved the Gauss and Markov
quadrature formulae on the half-line with nodes at zeros of
eigenfunctions of the Shturm—Lioville problem under some natural
conditions on weight function w, which, in particular, are fulfilled
for the power weight w(t) = t>**1, a > —1/2, and hyperbolic
weight

w(t) = (sinh t)?2+(cosh t)?#*1, o >8> —1/2.

e Let \g > 0, and suppose that the Shturm—Lioville problem
0 2 2
= (w(t) 5 an(0) + (% + ) w(thun(1) = 0.
0
uA(O) =1, S2(0)=0. AteRy,

has spectral measure do(\) = s(\) d), s(A) < A2\ — 4o,
and an eigenfunction ¢(t, A), which is an even and analytic
function of ¢t on R and even entire function of exponential type |¢|
with respect to A. Let 0 < Ai(t) < ... < A(t) < ... be positive
zeros of (t, A) with respect to \.
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o Let wo(t) = (£, 0), let u(t,\) = (£, A)/o(2), let
0 < M(t) <...<N(t) <...be positive zeros of %u(t, A) with
respect to A, and let E be the set of even entire functions of

exponential type at most r, whose restrictions on R, belong to
YR, do).

e Theorem 7. For any function g € E{ the Gauss quadrature
formula with positive weights holds

/O T e do() = > w(NE(w(r/2). 3)
k=1

The series in (3) converges absolutely.

e Theorem 8. For any function g € E{ the Markov quadrature
formula with positive weights holds

/Ooog(x)dam 0)+ka (N(r/2). (4)

The series in (4) converges absolutely.
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Extremal problems for Jacobi transform on R,
e In the case of hyperbolic weight

w(t) = 2%(sinh t)?**(cosh t)?PF1) teR,, a>p>-1/2,

where p = a + 5+ 1 = X, eigenfunction ¢ (t) is the Jacobi

function

p+iX p—iX
2 2

ex(t) = F( o+ 1;~(sinh £)2).

o Let du(t) = w(t)dt, and let do(A) = s(A) dA,

2P=IAT (o + 1)F(iN) —2

F((p+iX)/2)T((p+iA)/2 = B)
be the spectral measure. The direct and inverse Jacobi transforms
are defined by equalities

s(\) = (2m)

)

~7f(>\)=/00o F(t)ea(t) du(t), J_lg(t)Z/ooog(/\)w(t) do(X).
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e Turan problem. Calculate the quantity
Tos(r Ry) = sup J(£)(0) = sup/o F(£)po(t) dp(t).

if feG(Ry), f(0)=1, suppf C[0,r], JT(f)(A)=0.
e Fejér problem. Calculate the quantity

Fa5(r,Ry) = supg(0),
if g L'(Ry,do)NCp(Ry), g(A) >0,

/0 TN do(\) =1, suppT Y(g) C [0.7].

e Remark. By Paley-Wiener theorem for the Jacobi transform
the set of admissible functions coincides with the set of even
nonnegative entire functions of exponential type at most r.

o Let uy(t) = ¢a(t)/wo(t), and let A(t) = p3(t)w(t).

e Theorem 9. [33] T, 5(r,Ry) = Fups(r,Ry) = [1/% A(t) dt
and

N 2
f(t) = (voxXr/axpox,2)(t),  &(N) = cT(£)(N) = <ati\(2/2) ‘
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e Delsarte problem. Calculate the quantity

Du (5. 1) = sup T(F)(O) = sup [~ F(£)go(®) ().
if
f e Li(Ry, du)NCo(Ry), F(0) =1, F(t) <0, t =5, J(F)(\) = 0.

e Modified Delsarte problem for entire functions. Calculate
the quantity

Da (1,5, R) = sup T ~1(g)(0) = sup/ooo g(\) do (),

if gcl'(Ry,do)NGCp(Ry), g(0)=1, g(\) <0, A>s,
suppJ '(g) € [0,r], T (g)(\) =>0.

-1
e Theorem 10. [31] D, g(r,Ni(r/2),R}) = for/2 )
and

(r 2% uA(r/2))2
- (X (/2)”

gT()\) =
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e Bohman problem. Calculate the quantity

Baslr. ) = inf [~ 02+ 2)g(0) do(),

gelY(Ry,do)NGC(Ry), g(\) >0,
/0 T eV do(h) =1, suppT(g) C [0.7].

e Theorem 11. [32] B, s(r,Ry) = \3(7/2) + p?

" A
(1 — (A/)\l(r/2)>2)2

gr()‘) =
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e Recall that A(g) = sup{\: g(\) > 0}.

e Logan problem. Calculate the quantity

Lo g(r,Ry) =infA(g),

g € L'(Ry,do) N Cy(Ry), g(N) #0,
suppJH(g) € [0,7], T He)(N) = 0.
e Theorem 12. [34] L, 3(r,Ry) = Ai(r/2)
nd
a A2
1 </\/)\1(r/2))

gr(N) =
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Extremal problems for Fourier transform on H¢
e LetdeN, d>2, and suppose that R? is d-dimensional real
Euclidean space with inner product (x,y) = x1y1 + ... + Xgyq4, and
norm |x| = /(x, x),
St ={xeRY: |x| =1}

is the Euclidean sphere, R%?! is (d + 1)-dimensional real
pseudoeuclidean space with bilinear form
[x,y] = —xay1 — ... — Xa¥d + Xd+1Yd+1,

H? = {x € R : [x,x] = 1, xg;41 > 0}

. —F>
is the upper sheet of two sheets T~

hyperboloid,

e d(x,y) = arccosh[x, y] = In([x, y] + \/[x,y]? — 1) is the
distance between x,y € HY.

e The pair (H9, d(-,-)) is known as the Lobachevskii space. Let
x0 = (0,...,0,1) € HY, d(x,x0) = d(x), r >0, and let

B, = {x € H971 : d(x) < r} be the ball in the Lobachevskii space.
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e Lett>0,1ne€S? ! x=(sinhtn,cosht) € H? and let

1
du(t) = w(t)dt =29 tsinh? Lt dt, duw(n) = 5] dn,

dv(x) = du(t)dw(n)

be the Lebesgue measures on R, S~ and HY,
respectively. Note that dw is the probability
measure on the sphere, invariant under rotation
group SO(d) and the measure dv is invariant
under hyperbolic rotation group SOy(d, 1).

o lLet \eR; =[0,00), &€ sd-1.

y=(M\§& eR, xS =Q and let L]

(4t +in) [

riy |

do(A) = s(A) dA = 2372472 (g)

dr(y) = do(N)dw(E)

be the Lebesgue measures on R and Q¢.
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e The direct and inverse Fourier transforms are defined by
equalities

ff(y)—/H F(0) €17~ du(x),
Flg(x) = / g()lx, €] T+ dr(y),

where ¢ = (¢,1), £ € S97L,
o Let

gp,\(t):F<(d_1)2/2+i)\,( )2/2—/>\ ;/ _(sinh t))

be the Jacobi function (o= (d —2)/2, 5 = —1/2). We have

oat) = [ b€ dfo)

where x = (sinh tn,cosh t), n,€ S, & = (£,1).
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e Two averaging operators over sphere

Pf(t) = /Sd1 f(x) dw(n), x = (sinh tn,cosht) € HY,

Qe() = [, &) dul6). y = (0€) € 2

give us spherical functions on H? and Q9. They are used both for
the setting and for the solving of extremal problems.

o If f(x)=f(d(x)) = fo(t) and g(y) = go(A) are spherical
functions, then

Ffly) = Th(N), Flg(x) =T al(t).

o Let A(t) = @3(t)w(t), ux(t) = pa(t)/po(t).

e Some facts from the harmonic analysis on the hyperboloid can
be found in [35].
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Turan problem. Calculate the quantity
T(r,H) = sup Q(F)(0),

fe C(H?), f(x)=1, suppfcC B, Ff(y)=0.
Fejér problem. Calculate the quantity
F(r, 1) = sup Qg(0),

g € LQ9,dr) N Gp(Q9), gly) >0,

| ewdri) =1 swpF (e B

e Remark. Admissible functions in the Fejér problem are even
entire functions of exponential type at most r with respect to A.

o Theorem 13. [34] T(r.H?) = F(r,H’) = [/* A(t) dt and
N 2
£ (x) = (voX,rjaxpox,2)(t), & (y) = cF(f)(y) = (w;(z/2)> ’

x = (sinhtn,cosht) e HY, y=(\¢)eQl.
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e Delsarte problem. Calculate the quantity
D(s,H’) = sup Q(Ff)(0),

feH, f(x) =1, f(x) <0, d(x)=s, F(f)(y)=>0.
e Modified Delsarte problem. Calculate the quantity

D(r.s. 1) = sup [ gly)dr(y),
if
g e }(Q9,dr)N C(Q9), Qg(0)=1, g(\&) <0, A>s,
suppF(g) C B, F (g)(x) > 0.

o Theorem 14. [34] D(r,N,(r/2),H?) = (fo’/zA(t) dt)_l

and

A 220\ (r/2 ?
( ot A(/)>2’ y:(A,f)GQd.

I’( ):
A (A/)\’l(r/2))
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o letp=a+pf+1=(d—-2)/2-1/2+1=(d—-1)/2.

e Bohman problem. Calculate the quantity

B(r ) = inf | (% +P)ely)dr(y). v = (\6)

g e Y(Q9, dr)n Cp(Q9), g(y) >0,

| ew)drt) =1 suppFi(e) c 6.

e Theorem 15. [34] B(r,H9) = \2(r/2) + p?
and

_ ¥3(r/2) _ d
& (y) (1—()\/>\1(r/2))2)2’ y=M\§eq

26 /36



o Lety=()\¢) €QY, let g(y) be a real, continuous function on
Q9 and let

A(g) =sup{A>0: g()\€) >0, £ €S9}

e Logan problem. Calculate the quantity

L(r,Hd) =infA(g),

g € LN(Q7,d7) N Cp(Q9), &ly) £0,
supp FH(g) C B, F(g)(x) > 0.
e Theorem 16. [34] L(r,H?) = A\(r/2)

and
¥3(r/2)

_ d
1 (A/)\l(r/2))27 = et

g(y) =
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Thank you for attention to the talk!
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